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1 Derivatives

Recall from single-variable calculus, the derivative of a function f with respect to x at point xg is defined
as:

df(zo) .. f(zo+h)— f(zo)
T ) h

If this limit exists, then we say that f is differentiable at xy. We can extend this definition to talk about
derivatives of multivariate functions.

1.1 Partial Derivative

Let f:R™ — R. The partial derivative of f with respect to variable x; at x° is given by:

af(x9) . flxr,zey e xi+ hy o xy) — fT1, T, oy Ty ooy Ty
= lim
ox; h—0 h

Notice that in this definition, the ith variable is affected. To take the partial derivative of variable x;,
we treat all the other variables as constants.

Consider the function: f(x,y) = 42%y® + 323y? + 6y + 10.
8f((99;,y) = 8zy° + 9r2y?

—afg;’y) = 2022y* + 623y + 6

1.2 Gradient Vector

We can put all of the partials of the function F : R™ — R at «* (which we call the derivative of F)) in a
row vector:

_ | 0F(z™) OF(z™)
DF,. = [0 o

This can also be referred to as the Jacobian derivative of F.

We can express the derivative in a column vector:

OF (z*)
0£1

VF;I;* - :
OF (z*)

Ox .,

This representation is usually referred to as the gradient vector.



The gradient vector of our previous example would be:

5 2,2
VFZ[ 8zy° + 9y ]

20x2y* + 623y + 6

1.3 Jacobian Matrix

We won’t always be working with functions of the form F': R™ — R. We might work with functions of
the form F : R™ — R™. A common example example in economics is a production function that has
n inputs and m outputs. Considering the production function example, notice that we can write this
function as m functions:

q1 :f]_(x],.TQ, 7xn)
q2 :fQ(x17x27 7xn)

dm :f1($1,$2, 7xn)

We can put the functions and their respective partials in a matrix in order to get the Jacobian Matrix:

6f1 (a:*) 8f1 (12*) Ofl(w*)
oz Oxo e 0T,

Ofz(z”)  Ofa(z") Of2(z”)
O O
Oz Oz e Oy

1.4 Hessian Matrix

Recall that for an function of n variables, there are n partial derivatives. We can take partial derivatives
of each partial derivative. The partial derivative of a partial derivative is called the second order partial
derivative.

The second order partial derivatives for the example above are defined as:
% = 8y® + 18zy?

%f’y) = 80x2y> + 623

% = 40xy* + 182%y

—82&6(;5) = 40xy* + 1822y

2

The second order partial derivatives of the form %&w where = # y are called the cross partial deriva-
2 2

tives. Notice from our example, that 2 afz(gg;y) =9 afy(gf). This is always the case with cross partials. We

see that:

0’f(x) _ 9*f(x)
833‘1'8.73]‘ n 833]8371




We can put all of these second order partials into a matrix, which is referred to as the Hessian Matrix:

f(@*) 9 f(z") % f(z*)
ax% Ox10xo Ox10xy,
’f(x*) P f(z") )
Ox10x2 0x3 Ox20T,
’f(z*) P f(z") O*f(z")
Oxp 011 Oxy, Oz ox2

Let the function f: A — R be a C? function, where A is a convex and open set in R™.

e f is strictly convex iff its Hessian matrix is positive definite for any = € A.

e f is strictly concave iff its Hessian matrix is negative definite for any = € A.

o fis (weakly) convex iff its Hessian matrix is positive semidefinite for any x € A.

o fis (weakly) concave iff its Hessian matrix is negative semidefinite for any = € A.

2 Convexity and Concavity

2.1 Convex Sets

A set A, in a real vector space V, is convex iff:

Arp+(1—=XNazg e A

for any A € [0, 1] and any =1, 22 € A.

2.2 Function Concavity and Convexity

Let A be a convex set in vector space V. Consider the function f: A — R.

1. f is concave iff:

fAzy + (1= Nx2) > Af(x1) + (1= N) f(x2) (1)

for any z1,72 € A and X € [0, 1].

2. f is convex iff:

Fz1 4+ (1= Nz2) < Af(xr) + (1= X) fx2) (2)

for any x1,z0 € A and X € [0, 1].

3. f is strictly concave iff:

fzr+ (1= Nag) > Af(z1) + (1 = A) f(22) 3)

for any 1,79 € A and A € [0, 1].

4. f is strictly convex iff:

FAz1 + (1= Naa) < Af(21) + (1= N) f(22) (4)

for any z1,72 € A and X € [0, 1].

If a function is not convex, it does not mean that it is concave. Likewise, if a function is not

concave, it does not mean that it is convex.



Practice

Consider f: A =& R and g : A — R where A is a convex set in a vector space. If f and g are
concave functions show that:

1. f+ g is a concave function.

2. cf is a concave function if ¢ > 0, and a convex function if ¢ < 0.

2.3 Jensen’s Inequality

Let the function f: A — R where A is a convex set in a vector space, then:

(ZMJ >
<Zm> <

for any A1, ..., A\, € Ry such that Y" | \; =1 and zq,...,z, € A

e f is concave iff

Aif(2:)

HM:

e fis convex iff

Aif (i)

HM:

2.4 Quasiconcave and Quasiconvex
Let A be a convex set in vector space V. Consider the function f: A — R.

1. f is quasiconcave iff:
fOy 4+ (1= Nag) = min{f (1), f(z2)} (5)
for any x1,z9 € A and X € [0, 1].
2. f is quasiconvex iff:
FO@1 4 (1= Nag) < max{f(z1), f(z2)} (6)
for any x1,22 € A and X € [0, 1].
3. f is strictly quasiconcave iff:
fQzy + (1= Nag) > min{f(z1), f(22)} (7)
for any 1,79 € A and A € [0, 1].
4. f is strictly quasiconvex iff:
fAz1 + (1= Naz) <max{f(z1), f(z2)} (8)

for any x1,z0 € A and X € [0, 1].

Practice

1. Show that if a function f is concave, then f is also quasiconcave.

2. Show that if a function f is convex, then f is also quasiconvex.



2.5 Contour Sets

Let A be a convex set in vector space V. Consider the function f : A — R. An upper contour set of
a € R is defined as:

{red: flx)2a}

A lower contour set of a € A is defined similarly:

{reA: f(z)<a}

Let A be a convex set in vector space V. Consider the function f: A — R. Then,
1. fis quasiconcave iff its upper contour set is convex for any a € R

2. fis quasiconvex iff its lower contour set is convex for any a € R

2.6 Graphs

Let the function f: A — R. The graph of f is defined as the following set:
G(f) ={(z,y) e AxR:y= f(x)}

The epigraph is the set above the graph, and is defined as:
GH(f)={(z.y) e AxR:y > f(z)}

The subgraph is the set below the graph, and is defined as:
G (f)={lz,y) e AxR:y < f(x)}

The following theorem follows:

1. G=(f) is a convex set iff f is concave.

2. G (f) is a convex set iff f is convex.

3 Multivariate Calculus

3.1 Derivatives

Let f(z) and g(x) be differentiable functions, and a,n € R. Derivatives have following properties:
L. (af) = af'(z)
2. (f+9) =[(x)+d(2)
3. (fg) =f'g+ 19

4 (L) = fla=td
5. %(c) =0
6. L (f(g9(x)) = f'(g(x))g (z)

3.2 Integrals

Integrals have the following properties:
1. [af(z)dz=a [ f(z)dx
2. [(f+g)dz = [ f(z)dz+ [ g(z)dx



3.3 Integration by Parts

We can use integration by parts to integrate some more complex expressions. The formula for integration
by parts is:

Using integration by parts, we can integrate the expression ze??:

Let u(z) = «, and v/(z) = €2*. Thus v/(z) = 1 and v(z) = 3€**. Using the integration by parts,

we see that:
/xe%daz = w%eh — / 1. %ehd:c
= % <$62z — /ezwd:c>
~lae Lo o
where C' € R.



Exercises

Let A be a convex subset of R™ where f: A — R. Let f be concave.
1. Show that f is quasiconcave.

2. Show that cf is a concave function when ¢ > 0, and cf is a convex function when ¢ < 0.
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