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1 Limits
Problem 1 Compute

5x% — 8x — 13
x—3 x2 -5
Problem 1 Answer

. 5x2-8x—13 5(3)>-8(3)-13
lim =
x—3 x2 -5 (3)2 -5
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Problem 2 Compute

) x* - 81
111’1’1 S EEE——
x—3 sz —-b5x-3

Problem 2 Answer Substitution of 3 into the expression will result in the indeter-
minate form 0/0 so factor out the expressions causing the indeterminate form

lim x* - 81 im (x> =9 (x? +9)
x=32x2 —5x -3 153 (x—3)2x +1)
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Problem 3 Compute

. 3—+Vx+5
lim ————
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Problem 3 Answer
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Problem 4 Consider the values of constants a and b so that lim,_,» f(x) exists and is
equal to f(2) where f(x) is defined as below.

a+bx ifx>2

f(x) =43 ifx=2

2

b—ax ifx<?2

Problem 4 Answer
xlig\Jr flx) = xligl(a +bx)=a+2b=3

lim f(x) = lim (b —ax*)=b-4a=3

The above expressions give us a system of equations

a+2b=3
b—4a=3
Solving the system of 2 equations in 2 unknowns gives usa = —1 and b = 3.

Problem 5 Compute the following limit.

. 100
lim
x>0 x2 4+ 5

Problem 5 Answer

Problem 6 Compute

lim (3x> — 1000x?)

X—00



Problem 6 Answer Substitution yields an indeterminate form “co — co” which we
circumvent by factoring.

= lim x?(3x — 1000)
x—3
=00
which means that the limit does not exist.
Problem 7 Compute
o 7xX2+x-100
lim —————
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Problem 7 Answer
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Problem 8 Compute

lim (3* + 32X)%

X—00

Problem 8 Answer
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Problem 9 Compute lim,_,o+ x-Inx.

Problem 9 Answer

m ln_x
x—0* 1/x
In0

1/0+

which leads to the indeterminate form —co/co so use 1’'Hopital’s Rule.
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Problem 10 Compute lim, g+ x - (In x)2.

Problem 10 Answer

(Inx)?

m
x—0* 1/x
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Use I'Hopital’s Rule

. 2Inx-(1/x)
= lim ————=
x—07* _—21
X

So use 'Hopital’s Rule again
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Problem 11 Compute lim,_,o(1 — x)'/*.

Problem 11 Answer Rewrite problem

lim(1 — x)'/* = lim eln@-v'
x—0 x—0
= lim e(l/x)-]n(l—x)
x—0

In(1-x)

— ehmx—>0 X

— /0 _ ,0/0



Use 1'Hopital’s rule for the indeterminate form

1
— elimxﬁo 1_X1( )

_ o 1-0)

= e_l

1
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Problem 12 Consider the following functions forw > 0and 0 < o < 1.

1—0_1

ww) = l1-0

u(w) = In(w)

u(w) = vw

For each function above, find the following limits (if they exist) where u’(-) and u"'()
represent the first and second derivatives respectively.

(@) limp—o —u”(w)/u'(w).
(i) limyoeo —u”/(w)/u’(w).
(iii) limg—o (—u”"(w) - w)/u’(w).

(iv) limy—eo (—u""(w) - w)/u' (w).

Problem 13 Differentiate y = x* (with respect to x).
Problem 13 Answer x*(1 + Inx).

Problem 14 Differentiate y = x* (with respect to x).
Problem 14 Answer x° 1e*(1 + xInx)

Problem 15 Compute the following limits associated with the functions f(x) = |x|.

f(=2+h) - f(=2)

lim

h—0 h

L fO+h) - fO)
h—0 h
LB+ Q)
h—0 h

Problem 16 Define the intervals (if any) over which the following function is con-

tinuous. 5
7x° +x—2
X)) = ———
fl) = S5

Problem 16 Answer (—oo0,—2) U (—2,2) U (2, o).



Problem 17 Show that there is a root of the equation 3x” — 2x° + x — 1 = 0 between 0
and 1.

Problem 17 Answer We see that f(0) = -1 <0and f(1)=3-2+1-1=1>0. By
the Intermediate Value Theorem it follows that there exists a number c in (0, 1) such
that f(c) = 0 since f(x) is continuous and 0 is between f(0) and f(1).

Problem 18 Compute the following limit associated with f(x) = x> —8x +9.

. (x> —8x+9) - (@*>-8a+9)
lim

x—a X—a

Problem 18 Answer 2a — 8.

Problem 19 If the function f(x) is differentiable in the interval (a,b) and |f’(x)| < B <
oo for all x in the interval (g, b) then is the maximum change in the function over any
sub interval (c,d) C (a, D) finite or infinite? Prove it.

Problem 20 If the function f(x) is differentiable on (a, b), but not continuously dif-
ferentiable, then is f continuous everywhere on (a,b)? Prove it.

Problem 21 Can you differentiate the expression 2x = 1? If so what is the derivative?
If not, why not?

Problem 22 Find the derivative of the function

_
f09 = —m

Problem 22 Answer

f) = - 42(

Problem 23 Differentiate the function

3x2 —5\/_

6x*

f) =

Problem 23 Answer 35
’ — 322 .9/2
f'(x) X7+ 1 2x

Problem 24 Find the linearization of the function f(x) = V1+xata=0and useit
to approximate the numbers f(—0.05) and f(0.1). Are these approximations overesti-
mates or underestimates?

Problem 24 Answer

L(x) = f0) + f'(0)(x = 0) = 1 + ;ﬁ

L(—-0.05) = 0.9833 ~ 0.98305 over estimate
L(0.1) = 1.0333 = 1.0323 over estimate



Problem 25 Let f(x) = (3x — 5)/(4 — 2x) and find f~!(x). Then compare f’(x) and
d% ~1(x) and describe the relationship (if any).

Problem 25 Answer The inverse function is

_4x+5

-1
frw= 3+ 2x

Problem 26 Compute the derivative of the following function, H(p), with respect to
p and use it to show the answer to the following questions.

H(p) = plog, (%) + (1 -p)log, (ﬁ)

(i) Is there a global maximum and minimum over the interval [0, 1], if so, what is
it?

(ii) If so, over what subset of [0, 1], if any, is the function increasing?

(iii) If so, over what subset of [0, 1], if any, is the function decreasing?

Problem 26 Answer

(i) Yes, there is a global max because it is a continuous function on a compact set.
The maximum is p* = 0.5.

(ii) The function increases over [0,0.5].

(iii) The function decreases over [0.5,1].

Problem 27 Consider the function f(x) = x*¢* with domain all real numbers.
(i) Find the x-value(s) of all roots (x-intercepts) of f.

(ii) Find the x- and y-value(s) of all critical points and identify each as a local max,
local min, or neither.

(iii) Find the x- and y-value(s) of all global extrema and identify each as a global max
or global min.

(iv) Find the x-value(s) of all inflection points.

Problem 27 Answer

4

(i) The equation x*¢* = 0 means x* =0 = x = 0 so the only root is x = 0.

(ii) f'(x) = 43" + x** =0 = x = 0,—4. Plugging in values shows us that f has a
local max at (—4,256e*) and a local min at (0, 0).

(iii) There is a global minimum at (0,0), but there is no global maximum since
f(x) > c0asx — oo.

(iv) Look for solutions to f”’(x) = 0 which yields x = {0, -2, —6}. Checking the value
of fand f” at those points tells us that the inflection points are x = {-2, -6} but
notx = 0.



Problem 28 Use the Intermediate Value Theorem to show that f(x) = x* —2x — 1 has
arooton[1,2].

IVT: if f is continuous on [4,b] and y is a number between f(a) and f(b), then
there is a number ¢ between a and b such that f(c) = y. For the function given above,
f(1) = =2 and f(2) = 3. Since 0 is a number between -2 and 3, the IVT says there is a
number c between 1 and 2 such that f(c) = 0; this c is the desired root.

Problem 29 Does the Extreme Value Theorem say anything about the function f(x) =

x? on each of the following intervals? If so what does it say? In either case, explain

why.
() [1,4]
(i) (1,4)

Problem 29 Answer
(i) fhas amaximum and a mininum on [1,4] by EVT.

(ii) Because (1,4) is not compact, the EVT does not apply and so although there may
be, the theorem doesn’t say anything to us in this case.

Problem 30 Find the value of the constant c that the Mean Value Theorem specifies
for f(x) = x> + x on the interval [0, 3].

Problem 30 Answer MVT: If f is continuous on [a,b], then there is a number c

between a and b such that f'(c) = (f(b) — f(a))/(b — a).
For the provided function we have % = % =10. And f’(x) = 3x*> + 1 so we
know f’(c) = 3¢ + 1. Solving f’(c) = 3c2 + 1 = 10 for ¢ yields c = V3.

Problem 31 For the equation x°> + y® = In(xy) — 1 use implicit differentiation to find
dy/ dx.
Problem 31 Answer

dy y-370y ;-3¢
dr 3_y 2.2_1
dx  3xy3—x 3y v

Problem 32 Consider the function

f(x) =

b—x* ifx<3
ax ifx>3

(i) What condition(s) must be placed on the constants a2 and b in order for f to be
continuous on (—oo, 00)?

(ii) For what values of the constants a and b will f be differentiable on (—co, c0)?



Problem 32 Answer

(i) The only problem area is x = 3 so we want lim, ,3- f(x) = limy_,3+ f(x). This
gives us limits b — 9 and 3a soweneed 3a =b -9 < a=(1/3)b-3.

(ii) Diffentiate piecewise to find f’(x) for x < 3 and x > 3 giving us —2x and 4
respectively. Existence will require that lim,_,3- f'(x) = lim,_3+ f'(x) = f'(3).
The piecewise limits of the derivatives are —6 and a so 2 = —6 and using the
equation found before we know 3(—6) = b —9 which implies =18 +9 = -9 = b so

we have {a = —6,b = -9}.

Problem 33 Consider the function f(x) = In(x?). Find the fourth-order Taylor poly-

nomial for f(x) centered at xg = 1.

Problem 33 Answer

Pi(x) =2(x—1)— (x —1)> + %(x -1)3 - %(x - 1)*

Problem 34 Let X be a random variable with a probability density function (PDF)

f)

0 otherwise

ce™3  forx>0
o]

Remember that a PDF has the property that fozo flx)dx =1.

(i) Find the value of the constant ¢ that makes f(x) a valid PDF.

(ii) Find the probability that X < 1/4.

Problem 34 Answer

(i) c= —%.

(i) 1-e71/12,

Problem 35 Find the derivative of the following function
sin x
G(x) = f tdt
1

G'(x) = sinx - cosx

Problem 35 Answer

Problem 36 Find the derivative of the following function

In(x)
G(x) = f tdt

72

Problem 36 Answer

, Inx
G (X) = T



Problem 37 Suppose that ). ; 4, represents a convergent series and that no term
of the series equals zero, ie., a, # 0 for alln = 1,2,.... Prove that Z,‘f:l 1/a, is a
divergent series.

Problem 37 Answer If 220:1 a is a convergent series, then a, — 0 (i.e., the terms go
to zero). If a, — 0, then |1/a,| — oo. As the terms of },,; 1/a, do not go to zero, by
the nth term test for divergence, the series diverges.

Problem 38 Determine whether the give sequence is increasing, decreasing, or not
monotonic. Is the sequence bounded? On the basis of what you find, does the series
converge, diverge or can’t be determined?

Eln:—

57’1
Problem 38 Answer The sequence is decreasing and the sequence is bounded be-
tween 0 and 1 and by the monotonic sequence theorem the sequence is convergent.

Problem 39 Differentiate the function y = 3(x* — 1)3(x? + 1)°.

Problem 39 Answer

" =18x(x* — 1)2(x* + 1)° + 30x(x? — 1)°(x* + 1)*
y

Problem 40 Consider a continuously differentiable utility function u(-) such that
u’ > 0and u” < 0. Utility comes from income I which takes on two different values
I (x) and I;(x) and that the probability of that I = Iy is given by p(x) where x > 0 and
p’(x) > 0. Differentiate the expected utility with respect to x.

E[u] = p()ulla(x)] + (1 = p(x))ullL(x)]

Problem 40 Answer

J0E[u]
ox

= p)u’ [T () () +p” (X)ullr ()] +u’ [ ()} () —p(e)u’ [T () 1 (x) = p’ ()ul I (x)]

10



